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I. INTRODUCTION
Several experiments and theoretical results show that
the continuous space time, in the description of modern
physics, should need revision at the scale where quantum
theory and gravitation can be conciliated [1]-[3]. The
discrete spacetime has become a tool of choice for the
investigation of physics around this scale. It may be con-
sidered as an alternative way to prove the existence of a
minimum length (for example lp ≈ 1.6 · 1035meters re-
quired by string theory). The idea of a discrete structure
of spacetime was first suggested by Wheeler [4] and well
after by Wilson [5]. The lattice formulation in a quantum
field theory (QFT) is considered as a way of discretizing
the path integral in order to make it well-defined. On
a lattice, a QFT becomes a quantum system whose de-
grees of freedom consist of one field variable φ(xi) at each
lattice point xi ∈ Zd. Thereby, the lattice is a way to
regularize in the ultraviolet a QFT. The lattice structure
does not violate the quantum-mechanical structure of the
theory, but does not preserve the spacetime symmetries (
such as translations and rotations). The numerical sim-
ulations of quantum field theories on Euclidean lattices
have proven to be a very successful tool for studying non-
perturbative phenomena. Consequently, a lot of effort
has been put into the lattice formulation of quantum and
field theories, see [6]-[27], [38]-[42] and references therein.
Hence, the discrete structure of spacetime is inherent in
many models of quantum gravity, such as loop quantum
gravity, noncommutative (NC) field theory, spin foam,
black hole physics, random tensors models.
Recent results obtained in the framework of nonper-
turbative string theory and quantum Hall effect, have
boosted interest in a deeper understanding of the role
played by NC geometry in different sectors of theoretical
physics [10]-[13]. In physics, the most important achieve-
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ment of NC geometry was to overcome the distinction
between continuous and discrete spaces, in the same way
that quantum mechanics unified the concepts of waves
and particles. However a NC space is an intriguing and
revolutionary possibility that could have important con-
sequences in our conception of the quantum structure of
nature. The description of noncommutativity in quan-
tum and field theory can be achieved by replacing the
ordinary product of functions in classical theory by the
so called Moyal star product. This can also be realized
by defining the field theory on a coordinates operators
space that are intrinsically NC, which satisfy the com-
mutation relation [Xˆρ, Xˆσ] = iθρσ. The simplest case
corresponds to where θρσ is a constant skew-symmetric
matrix. In the present investigation we wish to define
the noncommutativity of quantum theory, in which both
coordinates and momenta are NC [28]-[29], i.e.
[Xˆρ, Xˆσ] = iθρσ,
[Xˆρ, Pˆσ] = i~effδρσ,
[Pˆ ρ, Pˆσ] = iθ¯ρσ. (1)
The case θρσ = 0 = θ¯ρσ corresponds to ordinary quan-
tum mechanics, for which ~eff = ~ (the Planck con-
stant). In the general possible representations, one ob-
tained, from standard Bopp-shifts in the conventional
canonical variables xˆρ, pˆρ, with nonvanishing commuta-
tors [xˆρ, pˆσ] = i~δρσ, Xˆρ = a xˆρ + b pˆρ, Pˆ ρ = c xˆρ + d pˆρ,
where a, b, c, d are constants. With these transforma-
tions, all Hamiltonians dynamics in NC space correspond
to others problems in ordinary quantum space. As a mo-
tivating example, one could mention that the harmonic
oscillator in NC space corresponds to the Landau prob-
lem in ordinary quantum space [54]-[61]. It would there-
fore be interesting to investigate the harmonic oscillator
in the NC discrete space in which the continuous vari-
ables Xˆρ and Pˆ ρ become discrete with a spacing ε. It
turns out that this question is not trivial, but may be
solved in the perturbation to ε. It is important to point
out that the Landau problem on lattices has been exten-
sively studied in the literature see [37]-[42] and references
therein. However, due to the infinite order derivatives
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which appear in the Schro¨dinger equation, numerical so-
lutions are the most developed. The very promizing an-
alytic approach proposed in [37] proves to have several
defects that we will explain in section (III). In this pa-
per the perturbative method is implemented to improve
these results.
Let us recall very briefly known facts about the lattice
oscillator in classical and quantum mechanics. Lattice
oscillator systems are the standard model for the vibra-
tional degrees of freedom, known as phonons, in crystal
lattices [23]-[27]. These phonons interact with the other
degrees of freedom, such as spins and electrons, in ways
that often significantly modify their behavior. The lattice
quantum theory is based on the non-differential calculus
with discrete derivatives and integrals, which has been
studied by several mathematicians and physicists [17]-
[21], and continues to be of interest for scientists nowa-
days. A few of its applications can be seen for instance
in the study of non-local or time-dependent processes,
as well as to model phenomena involving coarsegrained,
fractal spaces and fractional systems as well as more sim-
ple systems such as harmonic oscillator [20]-[21]. Most of
the models of interacting quantum oscillators are related
with solids such as ionic crystals containing localized light
particles oscillating in the field created by heavy ionic
complexes. The energy spectrum is obtained by the lad-
der operators method, similar to the quantum harmonic
oscillator problem. A lattice at a nonzero temperature
has an energy that is not constant, but fluctuates ran-
domly around some mean value. The thermodynamic
properties and the quantum radiation maybe also exam-
ined closely (for a recent reviews see [66]-[67]). Hence-
forth the study of the oscillator in the lattice, is a key
to understand physics beyond continuous limit. We note
that, several points of view have been developed and rep-
resented as the generalizations of the Heisenberg alge-
bra to a discrete space. There are many lattice mod-
els which are reduced, classically to the same continuum
theory in the zero lattice spacing, and this includes the
q-deformations and those extensions [30]-[43].
Our aim in the present work is to solve the quantum
dynamics in the general NC discrete space and deter-
mine the eigenvalue problem of the corresponding oscil-
lator Hamiltonian. The paper is organized as follows: In
section (II) we briefly review some definitions and prop-
erties concerning the discrete differential calculus and its
application to quantum mechanics. Next, we introduce
the noncommutativity in this discrete space and show
how the Heisenberg uncertainly relations are modified.
Section (III) is devoted to the study of the 2d lattice
harmonic oscillator in both commutative and NC quan-
tum space. The corresponding eigenvalue problems are
solved (i.e. in these two different cases). In this section,
we also deal with the thermodynamic behavior. In sec-
tion (IV) we make some remarks and conclude on our
work. The direct computation of the states and energies
of the oscillator in ordinary quantum space, performed
using the Ladder operator method which appears in [37],
is also discussed.
II. DISCRETE DIFFERENTIAL CALCULUS
AND LATTICE QUANTUM MECHANICS
In this section, we review some basis properties of
the differential calculus on a 2d lattice (in particular
we consider the case where d = 1). It is based on
the work in [3]. For more details, one could also read
[1]-[2] and the references therein. A lattice is a sub-
set Γ = ([0, `] × [0, `]) ∩ Z2) of the plane R2 endowed
with the discrete points Mn,m := M(xn, ym) such that
the coordinates {xn}n and {ym}m, n,m ∈ N are spacing
by ε << 1 and ε have the dimension of Planck lenght:
[[ε]] ≡ [[lp]]. We write xn = nε and ym = mε, (see fig-
ure (1)). We simplify the notation by setting xn := x
and ym := y. Note that the discretization of space vari-
ables leads to a breaking of both translational and rota-
tional invariances, which are restored at the limit ε→ 0.
It is also possible to define the discrete translation as
x′n = xn ± kε, y′n = yn ± kε, k ∈ Z and such that the
translation symmetry on the lattice is preserved. The
same procedure can be done in the case of space rotation.
In conclusion, instead of continuous Lorentz, translation
and rotation symmetry we have the discrete symmetries
of the lattice. This need not be a problem, since we can
recover the continuous symmetries at low energies.
The most obvious choice to discretize the continuous
derivatives is to use the discrete symmetric derivative:
Naturally, the derivatives ∂x :=
∂
∂x and ∂y :=
∂
∂y are
replaced by the forward and backward difference opera-
tors d+j and d
−
j , j = x, y, also called the left and right
non-differential operators acting on the two variables de-
pendent function f(x, y) as
d+x f(x, y) =
1
ε
[
f(x+ ε, y)− f(x, y)
]
, (2)
d−x f(x, y) =
1
ε
[
f(x, y)− f(x− ε, y)
]
, (3)
d+y f(x, y) =
1
ε
[
f(x, y + ε)− f(x, y)
]
, (4)
d−y f(x, y) =
1
ε
[
f(x, y)− f(x, y − ε)
]
. (5)
Observe that, at the limit ε → 0, d+x = d−x = ∂x and
d+y = d
−
y = ∂y. All the computations performed here
can be generalized to arbitrary dimensions d > 1. The
operators d+x , d
−
x , d
+
y , d
−
y are related to the translation
operators in the x and y directions denoted by τεx and τ
ε
y
with group parameter ε as:
τεx = e
ε∂x , τεy = e
ε∂y , (6)
and such that τεxf(x, y) = f(x + ε, y) and τ
ε
yf(x, y) =
f(x, y+ ε). We get the followings identities, for j = x, y:
d+j =
1
ε
(
τεj − 1
)
, d−j = −
1
ε
(
τ−εj − 1
)
. (7)
The following generalized Leibnitz rules hold:
d+j (fg) =
1
ε
(
τεj fτ
ε
j g − fg
)
2
εy
xxn
ym
x0
y0
y1
x1
......
. . . . . .
Mi,j
Mi,j+1
Mi−1,j
Mi,j−1
Mi+1,j
ε
Σ
FIG. 1: Two dimensions lattice and the representation of the
subset Σ with gives the interactions of the point Mi,j with his
neighbours
= gd+j f + fd
+
j g + εd
+
j fd
+
j g, (8)
d−j (fg) =
1
ε
(
fg − τ−εj fτ−εj g
)
= gd−j f + fd
−
j g − εd−j fd−j g, (9)
and they are reduced to usual Leibnitz rules as ε → 0.
One can also define the discrete Laplacian as
d2 = d+x d
−
x + d
+
y d
−
y
=
2
ε2
[
cosh(ε∂x) + cosh(ε∂y)− 2
]
. (10)
This quantity plays an important role when defining the
kinetic part of the Hamiltonian both in the classical and
quantum description of dynamic systems on the 2d lattice
i.e. Hˆ = −Ωd2 + Vˆ (x, y), Ω ∈ R where Vˆ (x, y) is the
interaction potential.
We are now ready to define the relation between non
differential geometry and quantum mechanics on the lat-
tice (for more detail see [1]-[3]). Let us consider the
Hilbert space H endowed with the Hermitian structure
〈f |g〉 = ε2
∑
x,y
f∗(x, y)g(x, y). (11)
Consider the subset H⊗ of H in which the states f(x, y)
can be decomposed into f1(x) ⊗ f2(y). Then H⊗ =
Hx ⊗Hy ≡ L2(R, dx)
⊗
L2(R, dx) and the tensors prod-
uct operators d+ = d+x ⊗ d+y and d− = d−x ⊗ d−y acting
on H⊗ are not Hermitian. We find that
(
id+
)†
= id−.
However the operators d−d+ = d+d−, which corresponds
to the fact that the laplacian (10) is Hermitian. Now let
us consider the positions and momenta operators xˆε and
yˆε, defined by the eigen-equations(
xˆεf
)
(x, y) = xf(x, y),
(
yˆεf
)
(x, y) = yf(x, y) (12)
and the momentum pˆεx and pˆ
ε
y as(
pˆεxf
)
(x, y) = − i~
2
(
d+x + d
−
x
)
f(x, y)
= − i~
ε
sinh(ε∂x)f(x, y), (13)(
pˆεyf
)
(x, y) = − i~
2
(
d+y + d
−
y
)
f(x, y)
= − i~
ε
sinh(ε∂y)f(x, y). (14)
The operators (13) and (14) are Hermitian and have the
nonvanish commutation relations:[
xˆε, pˆεx
]
= i~ cosh
(
ε∂x
)
,
[
yˆε, pˆεy
]
= i~ cosh
(
ε∂y
)
. (15)
Observe that in the equations (13), (14) and (15) we have
used the following definitions:
cosh(ε∂j) =
eε∂j+e−ε∂j
2 , sinh(ε∂j) :=
eε∂j−e−ε∂j
2 ,
j = x, y.
Using the Taylor expansion of these two operators func-
tions the commutation relations (15), which are a conse-
quence of the definitions (12), (13) and (14), are nothing
but the sum of polynomial operators depending on the
ordinary momenta pˆx = −i~∂x and pˆy = −i~∂y, such
that the limit as ε→ 0 is well given as canonical commu-
tation relations between coordinates and momenta (see
relations (20) for more details.)
As a quantum system the space of states of a physical
model defined with the Hamiltonian H = |pˆ
ε|2
2m + V (|xˆε|)
should then provide a linear representation space of the
generalized Heisenberg algebra, equipped with the Her-
mitian inner product (11) for which these two operators
be self-adjoint. The uncertainly relation is now general-
ized as
∆xˆε∆pˆεx ≥
~
2
∣∣∣ ∞∑
n=0
(−1)n
(2n)!
( ε
~
)2n
〈pˆ2nx 〉
∣∣∣, (16)
∆yˆε∆pˆεy ≥
~
2
∣∣∣ ∞∑
n=0
(−1)n
(2n)!
( ε
~
)2n
〈pˆ2ny 〉
∣∣∣ (17)
where pˆx = −i~∂x, pˆy = −i~∂y correspond to the mo-
mentum operators in ordinary quantum mechanics, the
first order expansion of the relations (16) gives
∆xˆε∆pˆεx ≥=
~
2
(
1 +
ε2
2~2
|〈pˆ2x〉|+O(ε2)
)
, (18)
∆yˆε∆pˆεy ≥=
~
2
(
1 +
ε2
2~2
|〈pˆ2y〉|+O(ε2)
)
. (19)
The relations (18) and (19) correspond to the uncertainty
relations predicted by string theory as a correction of the
usual uncertainty relations between coordinates and mo-
menta. It is probably one of the greatest interest in the
study of the minimum lenght quantum theory [47]-[50],
(see also [14]-[15]). This implies the following commuta-
tion relation
[xˆε, pˆεx] = i~
(
1 +
ε2
2~2
(pˆεx)
2 +O(ε2)
)
,
[yˆε, pˆεy] = i~
(
1 +
ε2
2~2
(pˆεy)
2 +O(ε2)
)
. (20)
3
The parameter ε is chosen such that the corresponding
uncertainty relations (18) and (19) imply a finite minimal
uncertainty ∆xˆε0 > 0 and ∆yˆ
ε
0 > 0.
Recall that we are interested in investigating the be-
havior of the oscillator model in noncommutative space.
For this purpose, we have to determine the energy spec-
trum of the Hamiltonian for the small value of the spac-
ing ε. We use the “capital ” notation to specify the NC
quantum operators, such as coordinates and momenta.
Suppose that the NC variables are related to the com-
mutative coordinates operators by the relations:
Xˆε = xˆε − θ
2~
pˆεy, Yˆ
ε = yˆε +
θ
2~
pˆεx (21)
Pˆ εx = pˆ
ε
x +
θ¯
2~
yˆε, Pˆ εy = pˆ
ε
y −
θ¯
2~
xˆε (22)
The commutation relations between coordinates and mo-
menta are then taken to be:[
Xˆε, Yˆ ε
]
= iθIˆε0 ,
[
Pˆ εx , Pˆ
ε
y
]
= iθ¯Iˆε0 ,[
Xˆε, Pˆ εx
]
= i~Iˆε1 ,
[
Yˆ ε, Pˆ εy
]
= i~Iˆε2 , (23)
where the operators Iˆε0 , Iˆ
ε
1 , Iˆ
ε
2 are given by
Iˆε0 =
1
2
[
cosh
(
ε∂x
)
+ cosh
(
ε∂y
)]
, (24)
Iˆε1 = cosh
(
ε∂x
)
+
θθ¯
4~2
cosh
(
ε∂y
)
, (25)
Iˆε2 = cosh
(
ε∂y
)
+
θθ¯
4~2
cosh
(
ε∂x
)
. (26)
The followings uncertainly relations are well satisfied:
∆Xˆε∆Yˆ ε ≥ θ
4
∣∣∣ ∞∑
n=0
ε2n
(2n)!
(
〈∂2nx 〉+ 〈∂2ny 〉
)∣∣∣, (27)
∆Pˆ εx∆Pˆ
ε
y ≥
θ¯
4
∣∣∣ ∞∑
n=0
ε2n
(2n)!
(
〈∂2nx 〉+ 〈∂2ny 〉
)∣∣∣ (28)
∆Xˆε∆Pˆ εx ≥
~
2
∣∣∣ ∞∑
n=0
ε2n
(2n)!
(
〈∂2nx 〉+
θθ¯
4~2
〈∂2ny 〉
)∣∣∣, (29)
∆Yˆ ε∆Pˆ εy ≥
~
2
∣∣∣ ∞∑
n=0
ε2n
(2n)!
( θθ¯
4~2
〈∂2nx 〉+ 〈∂2ny 〉
)∣∣∣ (30)
The first order perturbation gives:
∆Xˆε∆Yˆ ε ≥ θ
4
[
1− ε
2
2~2
(p2x + p
2
y)
]
, (31)
∆Pˆ εx∆Pˆ
ε
y ≥
θ¯
4
[
1− ε
2
2~2
(p2x + p
2
y)
]
(32)
∆Xˆε∆Pˆ εx ≥
~
2
[
1 +
θθ¯
4~2
− ε
2
2~2
(
p2x +
θθ¯
4~2
p2y
)]
, (33)
∆Yˆ ε∆Pˆ εy ≥
~
2
[
1 +
θθ¯
4~2
− ε
2
2~2
(
p2y +
θθ¯
4~2
p2x
)]
(34)
which corresponds to the generalization of the uncer-
tainty relation for physics at the Planck scale predicted
by the string theory and given in (18) and (19). Let us
mention that for a sufficiently small constant ε
2
2~2 , the cor-
rection term in the uncertainty relations are negligible at
present day experimentally accessible scales. By choos-
ing this parameter appropriately we obtain a cut-off at
the string or at the Planck scales. This type of ultraviolet
cut-off was introduced into quantum field theory in [45]
and then into inflationary cosmology in [46]. As readily
checked, this implies a minimal uncertainly in the posi-
tions ∆Xˆε and ∆Yˆ ε namely ∆Xˆε0 and ∆Yˆ
ε
0 which are
given by
∆Xˆε0 = ∆Yˆ
ε
0 ∝ ε ≡ lp. (35)
However, we have a maximal dispersion for the momenta
∆Pˆ εx0 = ∆Pˆ
ε
y0 ∝
1
ε
√
ε
, (36)
which is infinite in the continuum limit. One can also
remark that the noncommutativity of the coordinates
operators Xˆε and Yˆ ε will not be necessary for the ap-
pearance of a finite minimal uncertainty ∆Xˆε0 and ∆Yˆ
ε
0 :
See [44]-[48] for more details.
III. PERTURBATION METHOD FOR THE
HARMONIC OSCILLATOR ON A LATTICE
In this section, the low energy approximation is given
for the harmonic oscillator. First we examinate the case
of ordinary quantum space defined with the commutation
relation (15). The next part is devoted to the same com-
putation where we have to consider noncommutativity in
general case given in (23).
A. Harmonic oscillator in the ordinary quantum
space lattice
Consider the subset Σ of the lattice given in figure (1),
in which the point Mk,j interact with the four neighbours
Mk+1,j , Mk−1,j , Mk,j+1, Mk,j−1. These interactions are
supposed to be harmonic and the Hamiltonian becomes
Hˆε,kj =
1
2m
[(
pˆεxk
)2
+
(
pˆεyj
)2]
+
mω2
2
[(
xˆεk
)2
+
(
yˆεj
)2]
.
(37)
The total Hamiltonian that describes the oscillation of
all points of the lattice is
Hˆε =
∑
{k,j}
Hˆε,kj ∈ L(H⊗), (38)
where L(H⊗) is the set of linear operators on the Hilbert
space H⊗. For simplicity, the sum in expression (38) will
not be written. Then, using (13) and (14), expression
(38) becomes
Hˆε = − ~
2
2mε2
[
sinh2(ε∂x) + sinh
2(ε∂y)
]
4
+
mω2
2
[
(xˆε)2 + (yˆε)2
]
(39)
Let us turn now to the solution of the eigenvalues problem
by using the corresponding partial differential equation,
which is explicitly given in [37]:
Hˆεφn(x, y) = Enφn(x, y). (40)
Now, we consider the wave function in the Fourier space.
The coordinates and momenta operators are given by
pˆεx =
~
ε
sin(εkx), pˆ
ε
y =
~
ε
sin(εky), (41)
xˆε = i
∂
∂kx
, yˆε = i
∂
∂ky
(42)
where kx, ky, taken on the Brillouin zone ] − piε , piε ] are
called the quasi-momenta.
1. Discussion about the difficulties to provide algebraic
solution
In this subsection we give in detail the set of difficul-
ties that comes in trying to determine the spectrum of
the Hamiltonian (39) or in the search of the solution of
(40). It is based on the work given in reference [37] from
which the author provide one alternative way to solve
(40). We will show the non-consistency of this method
and propose to use perturbative solution. Let us define
the lattice analogue of the harmonic oscillator “annihila-
tion and creation” operators as:
aˆx =
1√
2~mω
(mωxˆε + ipˆεx), (43)
aˆ†x =
1√
2~mω
(mωxˆε − ipˆεx) (44)
aˆy =
1√
2~mω
(mωyˆε + ipˆεy), (45)
aˆ†y =
1√
2~mω
(mωyˆε − ipˆεy), (46)
which are supposed to diagonalize the Hamiltonian Hε =
Hx,ε +Hy,ε only in the continuous limit ε→ 0, with
Hx,ε =
(pˆεx)
2
2m
+
mω2(xˆε)2
2
, (47)
Hy,ε =
(pˆεy)
2
2m
+
mω2(yˆε)2
2
. (48)
Before we start our discussion to elucidate the prob-
lems that arise when we want to solve the eigenvalue
problem of the Hamiltonian (47) and (48), and why we
need to provide new method, let us remark that the
so called annihilation and creation operators given in
(43)-(46) do not satisfy the usual canonical commuta-
tion relation due to the presence of the lattice spacing
ε. We get [aˆx, aˆ
†
x] = cos(kxε) and [aˆy, aˆ
†
y] = cos(kyε),
such that the limit ε → 0 leads to [aˆx, aˆ†x]ε→0 = 1,
[aˆy, aˆ
†
y]ε→0 = 1. The operators aˆx, aˆ
†
x and aˆy, aˆ
†
y are
therefore not the Ladder operators. Now let us use the
following approximation ε → 0, and from which we can
consider the operators (43)-(46) as the Ladder operators.
Let φ0 = φ0x ⊗ φ0y be the fundamental eigen-state such
that aˆx ⊗ aˆy(φ0x ⊗ φ0y) = aˆxφ0x ⊗ aˆyφ0y = 0. It leads to
the solution
φ0x = Cx exp
[ ~
mωε2
cos(εkx)
]
, (49)
φ0y = Cy exp
[ ~
mωε2
cos(εky)
]
, (50)
where the constants Cx and Cy, are given, using the nor-
malization condition∫ +pi/ε
−pi/ε
dkx φ
2
0x =
∫ +pi/ε
−pi/ε
dky φ
2
0y = 1,
Cx = Cy =
[
2piJ0
( 2i~
mωε2
)]− 12
, (51)
such that
φ0(kx, ky) =
[
2piJ0
( 2i~
mωε2
)]−1
exp
[ ~
mωε2
cos(εkx)
]
⊗ exp
[ ~
mωε2
cos(εky)
]
(52)
where J0 stands for the first kind Bessel function. Re-
mark that in our solution (52), the limit ε → 0 is not
well defined (i.e. limε→0 φ0(kx, ky) = ∞). The same
pathology appears in the reference [37] after computing
the normalization constant. Replacing the solution (52)
in the eigenvalue equation (40), the fundamental energy
becomes
E0(kx, ky) =
~ω
2
(cos(εkx) + cos(εky)). (53)
The others states may be determined order by order using
the creation operators aˆx⊗ aˆy. Let us now comment this
result. First of all, recall that the limit ε→ 0 is not well
defined using (52). Also, the energy E0(kx, ky) depends
on kx and ky, which means that after the inverse Fourier
transformation we get
E0(x, y) =
1
(2pi)2
∣∣∣ ∫ piε
−piε
ei(kxx+kyy)E0(kx, ky)dkxdky
∣∣∣
=
~ω
2pi2
∣∣∣κ(x, y) + κ(y, x)∣∣∣, (54)
where
κ(x, y) =
x sin(pix/ε) sin(piy/ε)
y(ε2 − x2) ,
which depends on the coordinates functions x and y. It
should also be noted that the continuous limit is given
by
lim
ε→0
E0(x, y) = ~ωδ(x)δ(y), (55)
which is also not well defined at the ground state energy
of the harmonic oscillator, owing to the presence of the
5
Dirac delta function. All These pathology are a conse-
quence of the treatment we have done with the definition
of lattice analogue of the annihilation and creation op-
erators (43)-(46). In attempting to fill these gaps, we’ll
consider the perturbation method to derived the eigen-
value equation (40).
2. Perturbation method and solution
Considering the Taylor expansion of sinh2(ε∂x) +
sinh2(ε∂y), the first order expansion to ε
2 of the Hamil-
tonian Hε takes the form
Hˆε = − ~
2
2m
(
∂2x + ∂
2
y
)
+
mω2
2
[(
xˆε
)2
+
(
yˆε
)2]
−ε
2~2
6m
(
∂4x + ∂
4
y
)
+O(ε2)
= Hˆ0 + ε
2Wˆ +O(ε2). (56)
Hˆ0 corresponds to the harmonic oscillator Hamiltonian
in ordinary space and Wˆ is considered to be the perturba-
tion term. Thus, we can introduce the new annihilation
and creation operators defined in the limit ε = 0 as:
bˆx =
1√
2~mω
(
ipˆx +mωxˆ
ε
)
= lim
ε→0
aˆx, (57)
bˆ†x =
1√
2~mω
(
− ipˆx +mωxˆε
)
= lim
ε→0
aˆ†x, (58)
bˆy =
1√
2~mω
(
ipˆy +mωyˆ
ε
)
= lim
ε→0
aˆy, (59)
bˆ†y =
1√
2~mω
(
− ipˆy +mωyˆε
)
= lim
ε→0
aˆ†y, (60)
such that the canonical commutation relation
[
bˆi, bˆ
†
j
]
=
1δij is well satisfied, and in these new coordinates Hˆ0 and
Wˆ take the form
Hˆ0 = ~ω
(
bˆxbˆ
†
x + bˆy bˆ
†
y − 1
)
, (61)
Wˆ = −mω
2
24
(
(bˆx − bˆ†x)4 + (bˆy − bˆ†y)4
)
. (62)
One constructs the Fock states as {|nx, ny; 0〉 = |nx〉 ⊗
|ny〉 ∈ H, nx, ny ∈ N} such that the followings relations
hold:
bˆx ⊗ bˆy|nx, ny; 0〉 = √nxny|nx − 1, ny − 1; 0〉, (63)
bˆ†x ⊗ bˆ†y|nx, ny; 0〉 =
√
(nx + 1)(ny + 1)|nx + 1, ny + 1; 0〉.
(64)
and such that bˆx ⊗ bˆy|0, 0; 0〉 = 0. The eigen-equation
Hˆ0|nx, ny; 0〉 = E0nx,ny |nx, ny; 0〉, gives nx + ny + 1 de-
generate states such that E0nx,ny = ~ω(nx + ny + 1). We
denote these degenerate states as |nx, ny; 0〉j , such that
for n = nx + ny:
|nx, ny; 0〉j =
{
|n− j, j; 0〉; j = 0, 1, 2, · · · , n
}
. (65)
Consider now the vector |N〉 = ∑nj=0 cj |nx, ny; 0〉j +
ε2|nx, ny; 1〉+O(ε2) and the energy Eε,nx,ny = E0nx,ny +
ε2E1nx,ny+O(ε2), which solve the eigen-problem Hˆε|N〉 =
Eε,nx,ny |N〉, and cj ∈ C, j = 0, 1, · · · , n. We have the or-
thogonality relation
∑n
j=0 cj
k〈0;nx, ny|nx, ny; 0〉j = δjk
and the first order correction of the energy i.e. E1nx,ny is
determined by the following linear homogeneous system
n∑
j=0
cj
k〈0;nx, ny|Wˆ |nx, ny; 0〉j = E1nx,nyck. (66)
While the above system is completely determine by the
matrix G such that detG = 0
G :
{
Gkk =
k〈0;nx, ny|Wˆ |nx, ny; 0〉k − E1nx,ny
Gkj =
k〈0;nx, ny|Wˆ |nx, ny; 0〉j for k 6= j
(67)
A few computation shows that G is diagonal matrix and
the diagonal elements Gkk are given by
Gkk = −mω
2
4
(
n(n+ 1)− 2kn+ 2k2 + 1
)
− E1n (68)
where E1n = E
1
nx,ny , satisfies the following equation
n∏
k=0
[
−mω
2
4
(
n2 +n(1−2k)+2k2 +1
)
−E1kn
]
= 0. (69)
The index “k” in E1kn is used to specify the degeneracy,
such that
Ekε,n = ~ω
(
n+ 1
)
− mω
2ε2
4
[
n2 + n(1− 2k) + 2k2 + 1
]
+O(ε2). (70)
|nx, ny; 1〉 can be computed in the same manner. Let
D = {n− j; 0 ≤ j ≤ n} and D′ = {j; 0 ≤ j ≤ n}, we get
|nx, ny; 1〉 = −
n∑
j=0
∑
mx,my
mx /∈D
my /∈D′
cj〈Wˆ 〉jmn
E0mx,my − E0nx,ny
|mx,my; 0〉 = 0.
(71)
where 〈Wˆ 〉jmn = 〈0;mx,my|Wˆ |nx, ny; 0〉j .
Let us now deal with the thermodynamic behavior of the oscillator model. First let us recall that the thermodynamic
6
Quantities Formulas
Partition function Z(T, ε) = 1
4 sinh
(
β~ω
2
)(1 + mω2ε2β
4
coth2
(
β~ω
2
))
+O(ε2)
Free energy F (T, ε) = 2
β
log
[
2 sinh
(
β~ω
2
)]− mω2ε2
4
coth2
(
β~ω
2
)
+O(ε2)
Entropy S(T, ε) = −2kB log
(
2 sinh(β~ω
2
)
)
+ kB~ωβ coth(β~ω2 ) +
1
4
mkB~ω3β2ε2
cosh(β~ω
2
)
sinh3(β~ω
2
)
+O(ε2)
Internal energy U(T, ε) = ~ω coth(β~ω
2
)
[
1− mω2ε2
4
(
1
~ω coth(
β~ω
2
) +
β
sinh2(β~ω
2
)
)]
+O(ε2)
Heat capacity Cv(T, ε) = −kB
( ~ωβ/2
sinh2( ~ωβ
2
)
)2[
1 +mω2ε2β − (1− 1
2
mω2ε2β) cosh(~ωβ)
]
+O(ε2)
FIG. 2: The thermodynamic quantities of the lattice oscillator.
behavior of the harmonic oscillator is extensively studied in the literature. In the case of the NC space see [62]-[67]
for the recent works. The useful ingredient for this study in the partition function Zk(T, ε) depending with the
degeneracy index k as:
Zk(T, ε) =
∞∑
n=0
(n+ 1)e−βE
k
ε,n , β =
1
kBT
, (72)
kB is the Boltzmann constant. The full partition function is the sum under all degeneracies terms as Z(T, ε) =∑n
k=0 Z
k(T, ε). From statistical mechanics point of view, the probability p(i, j) of finding a system in a state |i, j〉 is
given by the Boltzmann formula [68]:
p(i, j) =
e−βE
k
ε,n(i,j)
Z(T, ε)
. (73)
Thereby the others thermodynamic quantities such as the free enery F = − 1β logZ(T, ε), the entropy S = −∂F∂T , the
internal energy U = −∂ lnZ∂β , the heat capacity Cv = ∂U∂T are given in the table built in the figure (2).
We give the asymptotic behavior of the various func-
tions at low temperatures T << ~ω. First let us remark
that if T is very small and goes to absolute 0 we get
1
sinh
(
β~ω
2
) → 0, β coth2 (β~ω2 )
sinh
(
β~ω
2
) ≈ β
e
β~ω
2
→ 0. (74)
Then the partition function Z(T, ε) goes to zero. This
result is identical to what we obtain in the continuous
space. On the other hand, for very high temperature and
for a small value of the parameter ε, Z(T, ε) > Z(T, 0)
The variation ∆Z = Z(T, ) − Z(T, 0) caracterize the
correction due to the discretization of the space. As an
example, let fix the constants m, ω and ~ to the unit.
then for T = 105K and ε = 10−11meter we get ∆Z =
0.05.
The free energy and the internal energy is reduced to
F (T << ~ω, ε) = U(T << ~ω, ε) ≈ ~ω − mω
2ε2
4
. (75)
Remark that in the thermodynamic equilibrium applied
to the harmonic oscillator, the free energy and internal
energy are given by
F (T, 0) =
2
β
log
[
2 sinh
(β~ω
2
)]
, (76)
U(T, 0) = ~ω coth
(β~ω
2
)
. (77)
The limit T << ~ω of these two quantities are reduced
to F (0, 0) = ~ω and U(0, 0) = ~ω, which corresponds to
the ground state energy of 2D quantum harmonic oscilla-
tor and is in adequacy with thermodynamic equilibrium
energy [62]-[67]. Therefore the result (75) is very close to
what is obtained in thermodynamic quantum mechanics
of the harmonic oscillator for the small value of ε due
to the fact that mω
2ε2
4 remains small. The contribution
mω2ε2
4 appears as the first order correction of the lattice.
On the other hand a divergence appears at high tempera-
tures T >> ~ω. This behavior is illustrated in the figures
(3) and (4). The same analysis can be performed for the
entropy S and the heat capacity Cv.
B. Harmonic oscillator in a noncommutative lattice
In this subsection we consider the case where both mo-
menta and coordinates are noncommutative, as presented
in the equations (23). We will show that in particular
case where θ¯ = −m2ω2θ, the eigenvalue problem can be
determined as in the previous section. One of the most
ambiguous aspect, namely in the case where θ¯ 6= −m2ω2θ
7
Z(T,0.01)
Z(T,0.001)
Z(T,0)
20 40 60 80 100
T
20
40
60
80
100
Z(T, ϵ)
FIG. 3: Plot of the partition function for different values of
the lattice spacing ε.
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FIG. 4: Plot of the free energy and the internal energy for
different values of the lattice spacing ε. We find that for low
temperatures, ∀ε small the thermodynamic quantities coin-
cide with the expected values when ε = 0 (the continuum
limit). The divergence appears for the high temperatures as
we can easily see on these figures.
is also considered and studied. The Hamiltonian of the
oscillator
Hˆε =
1
2
[(Pˆ εx)
2 + (Pˆ εx)
2] +
1
2
[(Xˆε)2, (Yˆ ε)2], (78)
in the first order of ε2 is split into:
Hˆε = Hˆ0 + ε
2Wˆ+O(ε2) (79)
where Hˆ0 is assumed to be the nonperturbative Hamilto-
nian and Wˆ stands for the perturbation:
Hˆ0 =
Ω2
2m
(pˆ2x + pˆ
2
y) +
mω2Ω¯2
2
(
(xˆε)2 + (yˆε)2
)
+
Ω˜
m
(yˆεpˆx − xˆεpˆy), (80)
Wˆ = − 1
6m~2
[
Ω2(pˆ4x + pˆ
4
y) + Ω˜(yˆ
εpˆ3x − xˆεpˆ3y)
]
. (81)
The parameters Ω, Ω¯, Ω˜ are given by
Ω2 = 1 +
m2ω2θ2
4~2
, (82)
Ω¯2 = 1 +
θ¯2
4m2~2ω2
, (83)
Ω˜ =
θ¯
2~
+
m2ω2θ
2~
. (84)
The more general result concerning the eigenvalues prob-
lem of the Hamiltonian (80) can be obtained essentially
by using the method described in the previous section.
We construct the annihilation and creation operators (bˆ
and bˆ†) as follows:
bˆx =
1√
2ΩΩ¯~mω
(
iΩpˆx +mωΩ¯xˆ
ε
)
, (85)
bˆ†x =
1√
2ΩΩ¯~mω
(
− iΩpˆx +mωΩ¯xˆε
)
(86)
bˆy =
1√
2ΩΩ¯~mω
(
iΩpˆy +mωΩ¯yˆ
ε
)
, (87)
bˆ†y =
1√
2ΩΩ¯~mω
(
− iΩpˆy +mωΩ¯yˆε
)
. (88)
They satisfy the canonical commutation relation[
bˆx, bˆ
†
x
]
= 1 =
[
bˆy, bˆ
†
y
]
, and according to which the
Hamiltonian Hˆ0 can be factorized as follows:
Hˆ0 = ΩΩ¯~ω
(
bˆ†xbˆx+ bˆ
†
ybˆy+1
)− i Ω˜~
m
(
bˆxbˆ
†
y− bˆ†xbˆy
)
. (89)
which corresponds to the Hamiltonian of two dimensional
Landau problem in the symmetric gauge on NC space.
Equivalently the presence of magnetic fields in this rela-
tion also suggest a NC structure for the spacetime. The
perturbation term is
Wˆ = − Ω¯ω
24Ω
[
ΩΩ¯mω
(
(bˆx − bˆ†x)4 + (bˆy − bˆ†y)4
)
+ iΩ˜(bˆy + bˆ
†
y)(bˆx − bˆ†x)3 − iΩ˜(bˆx + bˆ†x)(bˆy − bˆ†y)3
]
.
(90)
For some purposes, it is useful to point out that the states
of the form |nx, ny; 0〉 defined in (65) may diagonalyze the
Hamiltonian (89). Aiming at including the perturbation
term Wˆ in our diagonalization procedure let us consider
the new operators:
bˆ+ =
1√
2
(
bˆx + ibˆy
)
, bˆ†+ =
1√
2
(
bˆ†x − ibˆ†y
)
, (91)
bˆ− =
1√
2
(
bˆx − ibˆy
)
, bˆ†− =
1√
2
(
bˆ†x + ibˆ
†
y
)
. (92)
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Here also, the canonical commutation relation is well sat-
isfied i.e.:
[
bˆ+, bˆ
†
+
]
= 1 =
[
bˆ−, bˆ
†
−
]
. Then the Hamilto-
nian Hˆ0 and Wˆ become
Hˆ0 = ΩΩ¯~ω
(
Nˆ+ + Nˆ− + 1
)
− Ω˜~
m
(
Nˆ− − Nˆ+
)
(93)
Wˆ = − Ω¯ω
96Ω
[
ΩΩ¯mω
(
A4 +B4
)
+ Ω˜
(
AC3 +BD3
)]
,
(94)
where
A = bˆ+ − bˆ†+ + bˆ− − bˆ†−, B = bˆ+ + bˆ†+ − bˆ− − bˆ†−(95)
C = bˆ+ − bˆ†+ − bˆ− + bˆ†−, D = bˆ+ + bˆ†+ + bˆ− + bˆ†−(96)
and Nˆ+ = bˆ
†
+bˆ+ and Nˆ− = bˆ
†
−bˆ− are the number oper-
ators. Let {|n+, n−; 0〉 = |n+〉 ⊗ |n−〉, n−, n+ ∈ N} be a
set of Fock vectors such that
bˆ†+|n+, n−; 0〉 =
√
n+ + 1|n+ + 1, n−; 0〉, (97)
bˆ†−|n+, n−; 0〉 =
√
n− + 1|n+, n− + 1; 0〉 (98)
Then we get
Nˆ+|n+, n−; 0〉 = n+|n+, n−; 0〉,
and
Nˆ−|n+, n−; 0〉 = n−|n+, n−; 0〉.
The states |n+, n−; 0〉 solve the eigenvalue problem
Hˆ0|n+, n−; 0〉 = E0,n+,n− |n+, n−; 0〉 (99)
with corresponding energies
E0,n+,n− = ΩΩ¯~ω
(
n+ + n− + 1
)− Ω˜~
m
(
n− − n+
)
= ΩΩ¯~ω
(
n+ 1
)− Ω˜~
m
. (100)
where n = n++n− and  = n−−n+. Concerning the per-
turbation Wˆ, it seems that the states |n+, n−; 0〉 form a
diagonalyzed basis, in the case where θ¯ = −m2ω2θ, which
refers to the solvable condition of the harmonic oscilla-
tor in noncommutative space when both momentum and
coordinates are suppose to satisfy the nonvanish commu-
tation relations. The Hamiltonian Hˆ0 and Wˆ become
Hˆ0 = Ω
2Hˆ0, Wˆ = Ω
2Wˆ (101)
where Hˆ and Wˆ are defined in (56). Then, we find that
the eigen-energy of Hˆ is
Ekε,n = Ω2
[
E¯0n − mω
2ε2
4
(
n2 + n(1− 2k) + 2k2 + 1
)]
.
(102)
with E¯0n = ~ω(n + 1) and k = 0, 1, ..., n are the order
of degeneracy. Let us note that all the thermodynamic
properties derived in the last subsection can also be per-
formed using the spectrum (102) and we arrive at the
same conclusion.
Now we will focus on the case of arbitrary positive values of the parameters θ and θ¯. The first order correction
energy E1kn+,n− is obtained by the following system
n∑
j=0
j 6=k
cj
k〈Wˆ〉j + ck
(
k〈Wˆ〉k − E1kn+,n−
)
= 0, (103)
where the matrix elements k〈Wˆ〉j := k〈0;n+, n−|Wˆ|n+, n−; 0〉j are explicitly given by
k〈Wˆ〉j =

− Ω¯2mω28
(
(n+ 1)(n+ 2) + 2kn− 2k2
)
− Ω˜Ω¯ω8Ω (n+ 1)(n− 2k), j = k,
− Ω¯2mω28
√
k(k − 1)(n− k + 1)(n− k + 2), j = k − 2,
− Ω¯2mω28
√
(k + 1)(k + 2)(n− k − 1)(n− k), j = k + 2,
0 otherwise
(104)
Our interest is the determinant of the matrix (G) similar to expression (67):
(G) :

Gk,k = − Ω¯2mω28
(
(n+ 1)(n+ 2) + 2kn− 2k2
)
− Ω˜Ω¯ω8Ω (n+ 1)(n− 2k)− E1kn ,
Gk,k−2 = − Ω¯2mω28
√
k(k − 1)(n− k + 1)(n− k + 2),
Gk,k+2 = − Ω¯2mω28
√
(k + 1)(k + 2)(n− k − 1)(n− k),
0 otherwise
(105)
The matrix G is not diagonal but symmetric, i.e. Gk,k+2 = Gk+2,k. The solution of equation detG = 0 can no longer
be obtained by direct calculation for arbitrary value of the integer n. We provide here this solution order by order to
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this quantum number n. So the first order corrections of the energy spectrum become
n = 0 : E100 = −
Ω¯2mω2
4
(106)
n = 1 :
{
E111 = − 3Ω¯
2mω2
4 +
Ω˜Ω¯ω
4Ω
E101 = − 3Ω¯
2mω2
4 − Ω˜Ω¯ω4Ω
(107)
n = 2 :

E122 = − 3Ω¯
2mω2
2 +
ωΩ¯
4Ω
√
9Ω˜2 + Ω2Ω¯2m2ω2
E112 = − 7Ω¯
2mω2
4
E102 = − 3Ω¯
2mω2
2 − ωΩ¯4Ω
√
9Ω˜2 + Ω2Ω¯2m2ω2
(108)
n = 3 :

E133 = 2Ω¯Ω˜ω−11ΩΩ¯
2mω2
4Ω +
Ω¯ω
2Ω
√
4Ω˜2 + 2ΩΩ¯Ω˜mω + Ω2Ω¯2m2ω2
E123 = − 2Ω¯Ω˜ω+11ΩΩ¯
2mω2
4Ω +
Ω¯ω
2Ω
√
4Ω˜2 − 2ΩΩ¯Ω˜mω + Ω2Ω¯2m2ω2
E113 = 2Ω¯Ω˜ω−11ΩΩ¯
2mω2
4Ω − Ω¯ω2Ω
√
4Ω˜2 + 2ΩΩ¯Ω˜mω + Ω2Ω¯2m2ω2
E103 = − 2Ω¯Ω˜ω+11ΩΩ¯
2mω2
4Ω − Ω¯ω2Ω
√
4Ω˜2 − 2ΩΩ¯Ω˜mω + Ω2Ω¯2m2ω2
(109)
For n ≥ 4 the computation of the determinant of G leads to the mixing of real and complex values as solutions of
equation (103). The complex energies cannot be taking into account in our analysis. Moreover for the moment we
have no method to classify these solutions. Then we consider only the quantum numbers n = 0, 1, 2, 3 as given above.
The correction of the states |N〉 namely |n+, n−; 1〉 are given using the first order perturbation equation:
|n+, n−; 1〉 = −
∑
`+,`−
`+ /∈D
`− /∈D′
n∑
j=0
cj
〈0; `+, `−|Wˆ|n+, n−; 0〉j
E0`+,`− − E0n+,n−
|`+, `−; 0〉, (110)
where D = {n+ + n− − j; 0 ≤ j ≤ n+ + n−}, D′ = {j; 0 ≤ j ≤ n+ + n−}. Let 〈0; `+, `−|Wˆ|n+, n−; 0〉j := 〈Wˆ〉j`n we
can determine |n+, n−; 1〉 by replacing in (110) the following relation
〈Wˆ〉j`n =

− Ω¯2mω28
√
j(j − 1)(n− j)(n− j − 1) `− = j − 2; `+ = n− j − 2
− Ω¯2mω28
√
(j + 1)(j + 2)(n− j + 1)(n− j + 2) `− = j + 2; `+ = n− j + 2
( Ω˜Ω¯ω8Ω (n− 2j) + Ω¯
2mω2
4 (n+ 2))
√
(j + 1)(n− j + 1) `− = j + 1; `+ = n− j + 1
( Ω¯
2mω2
12 − Ω˜Ω¯ω24Ω )
√
(j + 1)(j + 2)(j + 3)(n− j) `− = j + 3; `+ = n− j − 1
(− Ω˜Ω¯ω4Ω j + ( Ω¯
2mω2
4 +
Ω˜Ω¯ω
8Ω )n)
√
j(n− j) `− = j − 1; `+ = n− j − 1
( Ω¯
2mω2
12 − Ω˜Ω¯ω24Ω )
√
j(j − 2)(j − 1)(n− j + 1) `− = j − 3; `+ = n− j + 1
( Ω¯
2mω2
12 +
Ω˜Ω¯ω
24Ω )
√
(j + 1)(n− j)(n− j − 1)(n− j − 2) `− = j + 1; `+ = n− j − 3
( Ω¯
2mω2
12 +
Ω˜Ω¯ω
24Ω )
√
j(n− j + 1)(n− j + 2)(n− j + 3) `− = j − 1; `+ = n− j + 3
(111)
For n = 0 we get:
|0, 0; 1〉 = 1√
17
|2, 2; 0〉 − 4√
17
|1, 1; 0〉. (112)
For n = 1, we get
|n+, n−; 1〉 = c0
[ Ω¯2m2ω2
8~(2ΩΩ¯mω + Ω˜n−)
√
3 |3, 2; 0〉 − Ω˜Ω¯mω + 6ΩΩ¯
2m2ω2
16Ω~(ΩΩ¯mω + Ω˜n−)
√
2 |2, 1; 0〉
− 2ΩΩ¯
2m2ω2 + Ω˜Ω¯mω
48Ω~(ΩΩ¯mω + Ω˜(n− − 2))
√
6 |0, 3; 0〉
]
+ c1
[ Ω¯2m2ω2
8~(2ΩΩ¯mω + Ω˜(n− − 1))
√
3 |2, 3; 0〉
− −Ω˜Ω¯mω + 6ΩΩ¯
2m2ω2
16Ω~(ΩΩ¯mω + Ω˜(n− − 1))
√
2 |1, 2; 0〉 − 2ΩΩ¯
2m2ω2 + Ω˜Ω¯mω
48Ω~(ΩΩ¯mω + Ω˜(n− + 1))
√
6 |3, 0; 0〉
]
(113)
where n+ = 1 and n− = 0 or n+ = 0 and n− = 1. The constants c0 and c1 are determined using the normalization
conditions 〈1; 1, 0|1, 0; 1〉 = 1 and 〈1; 0, 1|0, 1; 1〉 = 1.
Let us now discuss the consistency of our result. First of all we show the difficulties around the direct compu-
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tation of the eigen-equation of the harmonic oscillator
in 2D lattice not only in ordinary space but also in NC
space. These difficulties come from the fact that the cor-
responding lattice analogue of creation and annihilation
operators are not Ladder operators. We provide using
perturbative method, the solution of this complicate dif-
ferential equation. Despite this very promising result the
case of NC space need to be revisited by defined the new
basis which can help to diagonalize the matrix (G) of
expression (105) similar to expression (67). Finally the
general solution i.e. the case where θ¯ 6= −m2ω2θ need to
be also scrutinized.
IV. CONCLUSION AND REMARKS
In this paper we have solved the harmonic oscillator in
the 2d lattice. First we have considered the case of or-
dinary quantum mechanics. We showed that the direct
computation of the eigenvalues by using the analogue of
Ladder operator is not satisfactory as far as the physical
relevance is concerned, due to the appearance of coordi-
nates dependency in the energies. Also the continuous
limit i.e. ε = 0 is not well satisfied. The first order ap-
proximation of the lattice spacing ε has been considered
and the perturbation computation of the energy spec-
trum given. The statistical thermodynamic properties of
the model have also been given. On the other hand the
same question is addressed for general noncommutativ-
ity between coordinates and momenta. We have come
to the conclusion that the eigenvalue problem may be
solved in the case where θ¯ = −m2ω2θ. The more general
case where this relation is not satisfied has also been ex-
amined. We hope that it will be possible to construct a
new Fock states in which the matrix Wˆ maybe diagonal-
izable. This question deserve to be addressed and will be
considered in forthcoming work.
Acknowledgements
D.O.S research at the Max-Planck Institute is sup-
ported by the Alexander von Humboldt foundation.
S.L.G thanks the Max-Planck Institute for invitation and
financial support.
[1] P. Jizba, H. Kleinert and F. Scardigli, J. Phys.
Conf. Ser. 306, 012026 (2011). doi:10.1088/1742-
6596/306/1/012026
[2] P. Jizba, H. Kleinert and F. Scardigli, AIP Conf. Proc.
1446, 181 (2012). doi:10.1063/1.4727995
[3] P. Jizba, H. Kleinert and F. Scardigli, Phys. Rev.
D 81, 084030 (2010) doi:10.1103/PhysRevD.81.084030
[arXiv:0912.2253 [hep-th]].
[4] J. A. Wheeler and K. W. Ford, New York: W W Norton
and Co Inc.
[5] K. G. Wilson, Phys. Rev. D 10, 2445 (1974).
doi:10.1103/PhysRevD.10.2445
[6] A. Amador, J. S. Hoye and K. Olaussen,
arXiv:1610.05284 [hep-th].
[7] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys.
73, 977 (2001) doi:10.1103/RevModPhys.73.977 [hep-
th/0106048].
[8] N. Seiberg and E. Witten, JHEP 9909, 032 (1999)
doi:10.1088/1126-6708/1999/09/032 [hep-th/9908142].
[9] R. J. Szabo, Phys. Rept. 378, 207 (2003)
doi:10.1016/S0370-1573(03)00059-0 [hep-th/0109162].
[10] S. Hellerman and M. Van Raamsdonk, JHEP 0110,
039 (2001) doi:10.1088/1126-6708/2001/10/039 [hep-
th/0103179].
[11] P. A. Horvathy, hep-th/0307175.
[12] O. F. Dayi and A. Jellal, J. Math. Phys. 43, 4592
(2002) Erratum: [J. Math. Phys. 45, 827 (2004)]
doi:10.1063/1.1504484 [hep-th/0111267].
[13] F. G. Scholtz, B. Chakraborty, S. Gangopad-
hyay and J. Govaerts, J. Phys. A 38, 9849 (2005)
doi:10.1088/0305-4470/38/45/008 [cond-mat/0509331
[cond-mat.mes-hall]].
[14] S. Doplicher, K. Fredenhagen and J. E. Roberts, Com-
mun. Math. Phys. 172, 187 (1995) [hep-th/0303037].
[15] D. J. Gross and P. F. Mende, Nucl. Phys. B 303, 407
(1988). doi:10.1016/0550-3213(88)90390-2
[16] E. M. F. Curado, M. A. Rego-Monteiro and
H. N. Nazareno, Phys. Rev. A 64, 012105 (2001)
doi:10.1103/PhysRevA.64.012105 [hep-th/0012244].
[17] V. E. Tarasov, J. Phys. A 47, 355204 (2014).
doi:10.1088/1751-8113/47/35/355204
[18] T. G. Dedovich and M. V. Tokarev, Phys.
Part. Nucl. Lett. 13, no. 2, 169 (2016).
doi:10.1134/S1547477116020060
[19] J. Thu`rigen, arXiv:1510.08706 [gr-qc].
[20] J. H. He, Int. J. Theor. Phys. 53, no. 11, 3698 (2014).
doi:10.1007/s10773-014-2123-8
[21] M. N. Chernodub and S. Ouvry, Phys. Rev. E 92,
no. 4, 042102 (2015) doi:10.1103/PhysRevE.92.042102
[arXiv:1504.02269 [cond-mat.stat-mech]].
[22] J. Jurkiewicz and J. Wosiek, Nucl. Phys. B 135, 416
(1978). doi:10.1016/0550-3213(78)90346-2
[23] S. D. Drell, M. Weinstein and S. Yankielowicz, Phys. Rev.
D 16, 1769 (1977). doi:10.1103/PhysRevD.16.1769
[24] C. Bastos, A. E. Bernardini, O. Bertolami, N. Costa
Dias and J. Nuno Prata, Phys. Rev. D 93, no.
10, 104055 (2016) doi:10.1103/PhysRevD.93.104055
[arXiv:1512.03792 [quant-ph]].
[25] J. Jurkiewicz and J. Wosiek, Nucl. Phys. B 145, 445
(1978). doi:10.1016/0550-3213(78)90095-0
[26] J. Zak, Phys. Rev. B 21, 3345 (1980).
doi:10.1103/PhysRevB.21.3345
[27] M. C. Gutzwiller, Annals Phys. 133, 304 (1981).
doi:10.1016/0003-4916(81)90253-0
[28] H. S. Snyder, Phys. Rev. 71, 38 (1947).
doi:10.1103/PhysRev.71.38
[29] C. N. Yang, Phys. Rev. 72, 874 (1947).
doi:10.1103/PhysRev.72.874
[30] C. P. Sun and H. C. Fu, J. Phys. A 22, L983 (1989).
doi:10.1088/0305-4470/22/21/001
[31] E. G. Floratos, Nucl. Phys. Proc. Suppl. 22A, 144 (1991).
doi:10.1016/0920-5632(91)90361-H
11
[32] M. Chaichian, D. Ellinas and P. Kulish, Phys. Rev. Lett.
65, 980 (1990). doi:10.1103/PhysRevLett.65.980
[33] E. Celeghini, T. D. Palev and M. Tarlini, Mod. Phys.
Lett. B 5, 187 (1991). doi:10.1142/S021798499100023X
[34] W. B. Schmidke, J. Wess and B. Zumino, Z. Phys. C 52,
471 (1991). doi:10.1007/BF01559443
[35] D. Ellinas, Phys. Rev. A 45, 3358 (1992).
doi:10.1103/PhysRevA.45.3358
[36] D. V. Boulatov, Int. J. Mod. Phys. A 8, 3139 (1993)
doi:10.1142/S0217751X93001259 [hep-th/9210032].
[37] M. Valiente, J. Phys. A 44, 465303 (2011).
doi:10.1088/1751-8113/44/46/465303
[38] D. Mehta, A. Sternbeck, L. von Smekal and
A. G. Williams, PoS QCD -TNT09, 025 (2009)
[arXiv:0912.0450 [hep-lat]].
[39] D. Mehta and M. Kastner, Annals Phys. 326, 1425
(2011) doi:10.1016/j.aop.2010.12.016 [arXiv:1010.5335
[cond-mat.stat-mech]].
[40] Y. Li, Phys. Rev. B 91, no. 19, 195133 (2015)
doi:10.1103/PhysRevB.91.195133 [arXiv:1410.6189
[cond-mat.str-el]].
[41] H. Atakis and M. O¨. Oktel Phys. Rev. A 88, no. 033612
(2013) doi:10.1103/PhysRevA.88.033612.
[42] A. Cucchieri and T. Mendes, Phys. Rev. D 88,
114501 (2013) doi:10.1103/PhysRevD.88.114501
[arXiv:1308.1283 [hep-lat]].
[43] M. Bhatia and P. N. Swamy, Int. J. Theor. Phys. 50, 1687
(2011) doi:10.1007/s10773-011-0677-2 [arXiv:1011.2544
[quant-ph]].
[44] M. Bojowald and A. Kempf, Phys. Rev. D 86,
085017 (2012) doi:10.1103/PhysRevD.86.085017
[arXiv:1112.0994 [hep-th]].
[45] A. Kempf, J. Math. Phys. 38, 1347 (1997)
doi:10.1063/1.531814 [hep-th/9602085].
[46] A. Kempf, Phys. Rev. D 63, 083514 (2001)
doi:10.1103/PhysRevD.63.083514 [astro-ph/0009209].
[47] A. Kempf, In *Erice 1998, From the Planck length to the
Hubble radius* 613-622 [hep-th/9810215].
[48] A. Kempf, hep-th/9612082.
[49] A. Kempf and G. Mangano, Phys. Rev. D 55, 7909 (1997)
doi:10.1103/PhysRevD.55.7909 [hep-th/9612084].
[50] A. Kempf, J. Phys. A 30, 2093 (1997) doi:10.1088/0305-
4470/30/6/030 [hep-th/9604045].
[51] C. Bastos, A. E. Bernardini, O. Bertolami, N. Costa
Dias and J. Nuno Prata, J. Phys. Conf. Ser. 626, no.
1, 012050 (2015) doi:10.1088/1742-6596/626/1/012050
[arXiv:1411.2146 [quant-ph]].
[52] C. Bastos, A. Bernardini, O. Bertolami, N. Costa
Dias and J. Nuno Prata, Phys. Rev. D 90,
no. 4, 045023 (2014) doi:10.1103/PhysRevD.90.045023
[arXiv:1406.0740 [quant-ph]].
[53] C. Bastos, A. E. Bernardini, O. Bertolami, N. Costa
Dias and J. Nuno Prata, Phys. Rev. A 89,
no. 4, 042112 (2014) doi:10.1103/PhysRevA.89.042112
[arXiv:1310.4762 [quant-ph]].
[54] J. Gamboa, M. Loewe, F. Mendez and J. C. Ro-
jas, Mod. Phys. Lett. A 16, 2075 (2001)
doi:10.1142/S0217732301005345 [hep-th/0104224].
[55] A. Hatzinikitas and I. Smyrnakis, J. Math. Phys. 43, 113
(2002) doi:10.1063/1.1416196 [hep-th/0103074].
[56] V. P. Nair and A. P. Polychronakos, Phys. Lett.
B 505, 267 (2001) doi:10.1016/S0370-2693(01)00339-2
[hep-th/0011172].
[57] M. Maceda and A. Macias, Phys. Rev. D 79, 087703
(2009). doi:10.1103/PhysRevD.79.087703
[58] A. E. Bernardini, Eur. Phys. J. C 46, 113 (2006)
doi:10.1140/epjc/s2006-02502-2 [hep-th/0606240].
[59] C. Bastos, A. E. Bernardini, O. Bertolami, N. Costa
Dias and J. Nuno Prata, Phys. Rev. D 88,
no. 8, 085013 (2013) doi:10.1103/PhysRevD.88.085013
[arXiv:1305.5792 [quant-ph]].
[60] P. R. Giri and P. Roy, Eur. Phys. J. C 57, 835 (2008)
doi:10.1140/epjc/s10052-008-0705-4 [arXiv:0803.4090
[hep-th]].
[61] S. Dulat and K. Li, Chin. Phys. C 32, 92 (2008)
doi:10.1088/1674-1137/32/2/003 [arXiv:0802.1118
[math-ph]].
[62] A. Halder and S. Gangopadhyay, Int. J. Theor. Phys.
56, no. 6, 1831 (2017) doi:10.1007/s10773-017-3328-4
[arXiv:1609.06580 [hep-th]].
[63] J. F. G. Santos, A. E. Bernardini and C. Bastos,
Physica 438, 340 (2015) doi:10.1016/j.physa.2015.07.009
[arXiv:1411.2941 [quant-ph]].
[64] J. F. G. Santos and A. E. Bernardini, Eur. Phys. J. Plus
132, no. 6, 260 (2017) doi:10.1140/epjp/i2017-11538-1
[arXiv:1606.05592 [quant-ph]].
[65] A. E. Bernardini and O. Bertolami, Phys. Rev. A 88,
no. 1, 012101 (2013) doi:10.1103/PhysRevA.88.012101
[arXiv:1303.0685 [quant-ph]].
[66] I. Jabbari, A. Jahan and Z. Riazi, Turk. J. Phys. 33, 149
(2009) [arXiv:1201.0827 [hep-th]].
[67] A. Jahan, Braz. J. Phys. 38, 144 (2008)
doi:10.1590/S0103-97332008000100026 [arXiv:1208.0137
[hep-th]].
[68] J. M. Seddon and J. D. Gale, “Thermodynamics and Sta-
tistical Mechanics,” Royal Society of Chemistry, Cam-
bridge CB4OWF, UK. (2001).
12
